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ABSTRACT
We investigate the transition of the solar wind turbulent cascade from MHD to sub-ion range
by means of a detail comparison between in situ observations and hybrid numerical simulations.
In particular we focus on the properties of the magnetic field and its component anisotropy in
Cluster measurements and hybrid 2D simulations. First, we address the angular distribution
of wave-vectors in the kinetic range between ion and electron scales by studying the variance
anisotropy of the magnetic field components. When taking into account the single-direction
sampling performed by spacecraft in the solar wind, the main properties of the fluctuations
observed in situ are also recovered in our numerical description. This result confirms that solar
wind turbulence in the sub-ion range is characterized by a quasi-2D gyrotropic distribution of
k-vectors around the mean field.
We then consider the magnetic compressibility associated with the turbulent cascade and its
evolution from large-MHD to sub-ion scales. The ratio of field-aligned to perpendicular fluctuations,
typically low in the MHD inertial range, increases significantly when crossing ion scales and its
value in the sub-ion range is a function of the total plasma beta only, as expected from theoretical
predictions, with higher magnetic compressibility for higher beta. Moreover, we observe that this
increase has a gradual trend from low to high beta values in the in situ data; this behaviour is
well captured by the numerical simulations. The level of magnetic field compressibility that is
observed in situ and in the simulations is in fairly good agreement with theoretical predictions,
especially at high beta, suggesting that in the kinetic range explored the turbulence is supported
by low-frequency and highly-oblique fluctuations in pressure balance, like kinetic Alfve´n waves or
other slowly evolving coherent structures. The resulting scaling properties as a function of the
plasma beta and the main differences between numerical and theoretical expectations and in situ
observations are also discussed.
1
ar
X
iv
:2
00
8.
13
21
9v
1 
 [p
hy
sic
s.s
pa
ce
-p
h]
  3
0 A
ug
 20
20
Matteini et al. Properties of sub-ion turbulence
1 INTRODUCTION
The solar wind constitutes a unique laboratory for
plasma turbulence (Bruno and Carbone, 2013). In
the last decade increasing interest has raised towards
the small-scale behaviour of the turbulent cascade,
i.e. beyond the breakdown of the fluid/MHD de-
scription that takes place at ion scales. Spacecraft
observations of solar wind and near-Earth plasmas
provide unique measurements of the turbulent fluc-
tuations at scales comparable and smaller than the
typical particle scales, the Larmor radius ρ (see Ap-
pendix for definition of physical quantities used)
and the inertial length d (e.g. Alexandrova et al.,
2009; Sahraoui et al., 2010; Alexandrova et al.,
2012; Chen et al., 2013a). However, the physical
processes governing the energy cascade at kinetic
scales and those responsible for its final dissipation
are not well understood yet.
What is well established is that in the transi-
tion from MHD to kinetic regime, plasma turbu-
lence modifies its characteristics. Observational
and numerical studies over the last few years have
highlighted the main differences between large
and small scale properties of solar wind fluctua-
tions (e.g., Chen, 2016; Cerri et al., 2019). The
magnetic field spectrum typically steepens when
approaching ion scales, leading at sub-ion scales
(between ion and electron typical scales) to a power
law with spectral index close to −2.8 (Alexan-
drova et al., 2009, 2012; Kiyani et al., 2009; Chen
et al., 2010; Sahraoui et al., 2013), steeper than
Kolmogorov -5/3, but also than the theoretical pre-
diction −7/3 from EMHD (Biskamp et al., 1996)
and KAW/whistler turbulence (Schekochihin et al.,
2009; Boldyrev et al., 2013). The origin of such a
spectral slope is still unknown and it has been pro-
posed that it could be related to intermittency correc-
tions (Boldyrev and Perez, 2012; Landi et al., 2019),
magnetic reconnection (Loureiro and Boldyrev,
2017; Mallet et al., 2017; Cerri et al., 2018), Landau
damping (Howes et al., 2008; Schreiner and Saur,
2017) and/or the role of the non-linearity parameter
(Passot and Sulem, 2015; Sulem et al., 2016).
The change in the magnetic field spectrum is ac-
companied by a rapid decrease in the power of
ion velocity fluctuations (Sˇafra´nkova´ et al., 2013;
Stawarz et al., 2016) and the onset of the non-ideal
terms in the Ohm’s law which governs the electric
field associated to the turbulent fluctuations; as a
consequence the electric field spectrum becomes
shallower at sub-ion scales (Franci et al., 2015a;
Matteini et al., 2017). In this framework the electric
current (mostly carried by electrons) plays a major
role, coupling directly with the magnetic field in
the cascade and likely affecting the energy cascade
rate via the Hall term (Hellinger et al., 2018; Papini
et al., 2019). All these properties depend further
on the plasma beta (β = 8pinkBT/B2), which con-
trols, among other things, the scale at which the
magnetic field spectrum breaks (Chen et al., 2014;
Franci et al., 2016).
One of the most significant differences with re-
spect to the turbulent regime observed at large scales
however is the role of compressive effects. While
in the inertial range fluctuations show a low level
of both plasma and magnetic field compressibility,
hence can be reasonably well described by incom-
pressible MHD, at sub-ion scales density and mag-
netic field intensity fluctuations become significant
and comparable to transverse ones (Alexandrova
et al., 2008; Sahraoui et al., 2010; Salem et al., 2012;
Kiyani et al., 2013; Chen et al., 2012b; Perrone
et al., 2017), in agreement with simulations (Franci
et al., 2015b; Cerri et al., 2017). It is believed that
this is related to a change in the properties of the
turbulent fluctuations, which become intrinsically
compressive at small scales. It is then by studying
in detail their properties that it is possible to shed
light on the nature of the fluctuations which support
the cascade at kinetic scales (Chen et al., 2013b;
Pitnˇa et al., 2019; Grosˇelj et al., 2019; Alexandrova
et al., 2020).
Another important aspect of solar wind turbu-
lence is its spectral anisotropy (Horbury et al., 2008;
Wicks et al., 2010; Chen et al., 2010; Roberts et al.,
2017). Studies about the shape of turbulent eddies,
both at MHD (Chen et al., 2012a; Verdini et al.,
2018, 2019) and kinetic scales (Wang et al., 2020),
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reveal the presence of a 3D anisotropy in the struc-
tures when described in terms of a local frame. On
the other hand, when the analysis is made in a
global frame (without tracking the local orientation
of the structures), the 3D anisotropy is not captured,
and the k-vectors of the fluctuations show a sta-
tistical quasi-2D distribution around the magnetic
field (Matthaeus et al., 1990; Dasso et al., 2005; Os-
man and Horbury, 2006). In this work we address
this latter aspect and we investigate the distribution
of the k-vectors with respect to the ambient mag-
netic field at kinetic scales by using the magnetic
field variance anisotropy (i.e. the ratio of magnetic
field fluctuations in different components). Saur
and Bieber (1999) have shown that, also in single
spacecraft observations, is possible to character-
ize the 3D k-vector distribution by using variance
anisotropy. When the sampling occurs only along
a preferential direction, like in typical solar wind
observations, their model predicts various possible
kinds of variance anisotropy as a function of the
underlying k-spectrum. In particular, assuming a
quasi-2D gyrotropic distribution of k-vectors (ax-
isymmetric with respect to the magnetic field), the
ratio of the power in the two perpendicular mag-
netic field components is directly related to the local
slope of the spectrum - which is assumed to have the
same form for all components and a slope indepen-
dent of the scale within a given regime. Since both
quantities, spectral slope and perpendicular power
ratio, can be easily measured in situ, the Saur &
Bieber model constitutes an useful and simple tool
to investigate underlying spectral anisotropies. De-
spite the model was originally developed for MHD
scale fluctuations, it basically corresponds to a ge-
ometrical description built on the divergence-less
condition for B, so it can be applied to any kind
of regimes, including the low-frequency turbulence
expected at sub-ion scales (Turner et al., 2011). In
the work of Lacombe et al. (2017), we investigated
the k-vector distribution at sub-ion scales using the
technique by Saur and Bieber (1999). Based on
the comparison with the predictions, we concluded
that the distribution of the k-vectors in the sub-ion
range of solar wind turbulence is consistent with a
quasi-2D gyrotropic spectrum, then approaching a
more isotropic shape when reaching electron scales
(Lacombe et al., 2017). However, such an applica-
tion has not been benchmarked by kinetic numerical
studies yet.
The aim of this work is then to focus on the
spectral anisotropy properties and magnetic com-
pressibility at small scales, by exploiting the de-
tailed comparison of in situ observations and high-
resolution kinetic numerical simulations. The paper
is organised as follow: in Sec. 2 we introduce the
spacecraft and numerical dataset used and in Sec. 3
we describe their spectral properties. In Sec. 4 we
discuss the spectral anisotropy at sub-ion scales and
test, for the first time, the Saur and Bieber model in
numerical kinetic simulations; in Sec. 5 we address
properties of the magnetic compressibility and its
dependence on the plasma beta. Finally, in Sec. 6
we discuss our conclusions and the implications
of our finding for the interpretation of solar wind
observations and simulations.
2 DATA AND SIMULATIONS
In this study we compare properties of magnetic
fluctuations measured in situ by the Cluster space-
craft with numerical results obtained by means of
2D hybrid particle-in-cell (PIC) simulations.
2.1 Cluster STAFF spectra
For our analysis we use the dataset discussed by
Alexandrova et al. (2012), when Cluster was in the
free solar wind, i.e., not magnetically connected to
the Earth’s bow shock. Details have been described
also in Lacombe et al. (2017) and we recall here
the main aspects. Magnetic field fluctuations are
measured by the STAFF (Spatio-Temporal Analysis
of Field Fluctuation) instrument, composed by a
wave form unit (SC) and a Spectral Analizer (SA).
Power spectra are computed on board in a magnetic
field aligned system of coordinates (MFA), based
on the 4s magnetic field measured by the FGM
(Fluxgate Magnetometer) experiment. A selection
of 112 spectra has been performed, retaining in
each spectrum only measurements above 3 times
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Figure 1. Cluster STAFF spectra for different intervals with β = 0.8, 1.5, 4 from left to right. Colors
encode the magnetic field components Bx (black dashed), By (blue), and Bz (red). The region highlighted
in yellow corresponds to the the sub-ion range investigated in this study. Bottom panels show the ratio of
the power in the perpendicular components Py(k)/Px(k) (black diamonds) and the value γ of the local
slope of the total spectrum P (k) ∼ k−γ (red stars). The average values of Py(k)/Px(k) and γ in the
sub-ion range are also shown as horizontal dashed lines.
Figure 2. Magnetic field spectra from hybrid simulations for different beta regimes (βp = 0.125, 1, 10 and
βe = βp). Components are encoded as in Figure 1 and the coloured region indicates the sub-ion range that
can be directly compared with the analogous region in the observations.
the noise level in every direction x, y and z (see
Appendix in Lacombe et al., 2017). Each sample is
a 10 minute average of 150 individual 4s spectral
measurements. This provides spectra above 1Hz up
to typically 20-100Hz, depending on the amplitude
of the fluctuations in each interval. When converted
into physical length scales, assuming the Taylor
hypothesis (k = 2pif/Vsw), this leads to signals that
cover the range between∼ 2dp and∼ 0.5de (where
dp and de are the proton and electron inertial lengths
respectively), enabling then a good description of
the sub-ion regime from proton to electron scales.
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The reference frame adopted (MFA) is such that
Bz is the component aligned with the mean mag-
netic field B0 (relative to the 4s interval during
which an individual spectrum is calculated); Bx
is the component orthogonal to Bz in the plane con-
taining both the solar wind velocity Vsw and the
mean magnetic field B0, and By is the third orthog-
onal component. Note that a selection criterium is
imposed on the angle θBV , the angle between the
local 4s magnetic field and the flow velocity, i.e.,
that θBV is large enough to avoid a connection with
the Earth bow shock during the sampled interval;
θBV in the dataset has an average value of ∼ 80 de-
grees. This implies that for each spectrum, the mean
magnetic field makes a big angle with respect to the
sampling direction; moreover, we have checked
that θBV does not vary significantly during the 10
minutes over which spectra are averaged.
As a consequence, this procedure selects intervals
in which Cluster observed highly oblique k-vectors
and, to a good approximation, the component Bx
corresponds also to the sampling direction (radial)
and is orthogonal toB0;By corresponds to the other
perpendicular component and Bz is identified as the
compressive component B‖. As already discussed
in Lacombe et al. (2017), although the total trace
power measured in situ is an invariant observable,
the fact that the sampling occurs only in a preferred
direction introduces a relative weight between Bx
and By that is measurement dependent (Saur and
Bieber, 1999). To take this into account, we have
employed an analogous approach in the analysis
of the simulations data, as described in the next
section.
2.2 Hybrid 2-D numerical simulations
In situ observations are directly compared with
numerical simulations performed with the hybrid-
PIC code CAMELIA (Matthews, 1994; Franci
et al., 2018a). The hybrid model captures well the
transition from fluid to kinetic regime around ion
scales. Moreover, it reproduces successfully many
of the main properties of solar wind turbulence ob-
served by spacecraft at sub-ion scales (Franci et al.,
2015b,a). It is then a suitable tool to investigate
the turbulent regime probed by STAFF/Cluster data.
We use here 2D simulations -computationally more
affordable than 3D- in order to explore the param-
eter space observed in situ; in particular we focus
on the effects associated to variations in the proton
and electron plasma beta βp and βe. Franci et al.
(2016) have shown that 2D hybrid simulations are
able to capture the ion-break scale behaviour in
different beta regimes observed in solar wind tur-
bulence (Chen et al., 2014). We then exploit the
good matching between the simulations and in situ
observations to characterise further the properties
of kinetic plasma turbulence in the sub-ion regime.
On the other hand, 3D hybrid simulations (Franci
et al., 2018b) have confirmed the solidity of the re-
duced 2D results and the good agreement with in
situ observations.
In order to make a direct comparison with sub-ion
spectra measured by Cluster, we have adopted a
similar approach in the computation of spectra in
the simulations. This means that numerical spectra
are computed along the x direction only, to mimic
the radial sampling occurring in the solar wind. This
is obtained by integrating along y the Fourier spec-
trum P (kx, y) of each i magnetic field component:
Pi(kx) =
∫
Pi(kx, y)dy (1)
Therefore, also in the simulation Bx corresponds
to the sampling direction, orthogonal to the out-
of-plane magnetic field Bz, and By is the most
energetic fluctuating component, being orthogonal
to both B0 and k = kx. With this approach and
within the observational conditions previously de-
scribed, we can perform a direct comparison of
simulations and in situ data.
The numerical dataset used was originally pre-
sented in Franci et al. (2016) and is available online.
It is constituted by a set of different 20482 2-D
simulations of decaying turbulence with different
beta conditions covering the range of variations ob-
served in situ, and βp = βe; runs are initiated with
random perpendicular Alfve´nic fluctuations with
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vanishing cross-helicity and equipartition in mag-
netic and kinetic energies. Spectra are computed at
the maximum of the turbulent activity.
3 IN SITU DATA ANALYSIS AND
SIMULATION RESULTS
Figure 1 shows three examples of Cluster spectra
(2003/02/18 04:45-04:55; 2004/02/22 05:40-05:50;
2004/01/22 04:40-04:50), where frequencies have
been converted into k-vectors and normalised to
dp (original sampling frequencies are also shown
for reference). Observations cover ion and electron
scales, with a transition accompanied by a slope
change around kdp ∼ 10 . In this work, we focus on
the sub-ion regime highlighted in yellow in the pan-
els, where electron physics effects can be neglected
(at least for spectral properties) and a well-defined
slope close to −2.8 can be observed (Alexandrova
et al., 2012). The three cases, corresponding to
different total beta β regimes [0.5, 1.5, 4], show a
similar qualitative behaviour: as expected, the spec-
trum Py of the perpendicular By component (blue)
is always the most energetic. The power in the other
perpendicular component Px (black dashed) is al-
ways slightly smaller, however, its ratio with Py is
roughly independent of beta and close to the local
spectral slope (bottom panels); this is related to the
3-D distribution of k-vectors (Lacombe et al., 2017)
and will be discussed more in detail in Sec.4.
On the other hand, the power Pz of the field
aligned component Bz (red) is typically less ener-
getic than Py, however, its weight is highly variable
with beta: Pz is smaller than Px for β < 1, com-
parable to Px for β ∼ 1, and larger the Px for
β > 1. This obviously results in a variable mag-
netic compressibility associated to the fluctuations
and its functional dependence on beta is the subject
of Sec.5
Figure 2 shows an analogous selection from nu-
merical simulations; note that in the simulations
βe = βp. In this case the regime reproduced in the
simulation box includes the MHD inertial range
and its transition to a sub-ion cascade at smaller
scales. The yellow area highlights the region of the
Figure 3. Reduced spectra of the fluctuations of
the magnetic field components By and Bx de-
fined with respect to a fixed sampling direction kx
for a simulation with βp = 0.5. The thick solid
black line corresponds to the total perpendicular
power P⊥(kx); the dashed line shows P⊥(kx)/2,
also corresponding to the average power in any
perpendicular magnetic field component in the
axisymmetric case.
spectra − roughly a decade between kdp ∼ 1 and
kdp ∼ 10 − that can be directly compared with
the in situ data. In this region, the qualitative be-
haviour of the spectra is similar to Figure 1: By
(blu) is always dominant, Bx (black) contributes
for a constant fraction of it and is roughly the same
at all betas, while Bz (red) varies significantly in
the panels and becomes comparable to By for large
betas. This confirms that our method of comput-
ing spectra in the simulations mimicking satellite
observations really captures the main aspects of
in situ measurements and can then be exploited to
investigate further the properties of the turbulent
cascade.
4 SPECTRAL ANISOTROPY
4.1 Perpendicular components ratio
Saur and Bieber (1999) have investigated how dif-
ferent types of k-vectors distributions can generate
a variable anisotropy in the observed magnetic field
components, due to sampling effects. In the case of
a gyrotropic 2D distribution of k-vectors, the ratio
Py/Px is expected to coincide with the local slope
γ of the spectrum P (k) ∼ k−γ . This applies well
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to solar wind observations in the physical range
of interest here, as it can be appreciated in Fig. 1,
where the ratio Py/Px, shown in the bottom panels,
is close to the spectral slope observed - typically
in the range [-2.5,-3] - and appears roughly inde-
pendent of the plasma beta. Interestingly, at smaller
scales, when the magnetic spectrum steepens as ap-
proaching electron scales (Alexandrova et al., 2009),
this is not associated to an increase in the perpen-
dicular power ratio Py/Px (which on the contrary
has a slight decrease); this doesn’t correspond to
the expectation for a quasi-2D spectrum according
to the model and in fact Lacombe et al. (2017) has
interpreted this signature as the result of a more
isotropic distribution of k-vectors close to electron
scales.
To validate further this observational conclusion,
we verify here the applicability of the Saur and
Bieber model to sub-ion scale turbulence. In the
simulations the spectrum is two-dimensional by
construction and, consistent with the axisymmet-
ric initial conditions imposed in the x-y plane, it
is also gyrotropic with respect to the out-of-plane
magnetic field Bz.
First, it is instructive to discuss spectra shown in
Figure 3. These are power spectra of the perpendic-
ular components Bx (purple) and By (orange) as
a function of kx, assuming then a fixed direction
of sampling. As expected, Py(kx) > Px(kx); on
the other hand, their sum P⊥(kx) (solid black line)
is statistically equivalent to the axisymmetric spec-
trum P⊥(k) = Py(k) + Px(k). The difference is
that when calculating the axisymmetric spectrum
P⊥(k) all perpendicular magnetic field directions
have equal weight and one can assume that statisti-
cally Py(k) ∼ Px(k); as a consequence the power
associated to any individual perpendicular compo-
nent corresponds to half of the total perpendicular
power P⊥(k)/2 ∼ P⊥(kx)/2 (thin dashed black
line). It is interesting to note that when sampling
along a fixed direction (x), as it happens with space-
craft in the solar wind, none of the two measured
spectra Py(kx) and Px(kx) is really representative
of the power P⊥(k)/2 of the gyrotropic descrip-
tion; instead the component along the sampling
Figure 4. Hybrid simulations: spectra of the ra-
tio of the perpendicular magnetic components
Py(kx)/Px(kx) and corresponding to the local spec-
tral slope. Different colors encode different βp:
0.125 (cyan), 1 (black) and 8 (red). The horizontal
dashed lines show reference spectral slopes ob-
served in the simulations at kdp < 1 (-5/3) and
at sub-ion scales kdp > 1.
(Bx) is significantly reduced due to the solenoidal
∇ ·B = 0 condition, while the orthogonal (By) is
amplified, in order to maintain the same total power
P⊥(k). This means that in solar wind spectra like
in Fig. 1, neither Px nor Py are individually repre-
sentative of the average power in a perpendicular B
component: the individual measurements of Px or
Py cannot be directly associated to it, but only their
sum.
Bearing this in mind, Figure 4 shows the ratio of
the power in the perpendicular components for the
three simulations shown in Figure 2. The Py/Px
ratio well captures the transition from MHD to a
steeper spectrum at smaller scales; in all cases the
ratio, close to 5/3 at large scales, starts increasing in
the vicinity of ion scales and reach a maximum in
the sub-ion regime, where the ratio saturates close to
∼ 3, in good agreement with the local spectral slope
observed in the kinetic range, which is typically
close to −3. At larger k the ratio then decreases
due to the noise. In the framework of the Saur and
Bieber model for spectral anisotropy this indicates
a quasi-2D gyrotropic spectrum of the fluctuations,
which corresponds well to the spectrum developed
in these simulations. This confirms that the model is
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valid also at sub-ion scales, and reinforces the find-
ing of Lacombe et al. (2017), where is found that
solar wind spectra at kinetic scales are described
well by a quasi-2D gyrotropic distribution.
4.2 Beta dependence
There is another interesting indication suggested
by Figure 4, namely the fact that the Py/Px ra-
tio in the sub-ion range seems to depend on beta:
consistent with this, the sub-ion slope in Figure 2
is slightly steeper for small βp and shallower for
larger βp. This behaviour is already discussed in
Franci et al. (2016) and is found in all simulations
for the spectrum of the transverse fluctuations B⊥;
conversely, the spectrum of the parallel component
B‖ is almost independent of βp (see Figure 4 in
Franci et al., 2016). We have then looked for a sim-
ilar trend also in the in situ data. Figure 5 shows
the histogram of the spectral slopes in the kinetic
range for B⊥ (top) and B‖ (bottom), for larger (red)
and smaller (black) total beta. Spectral slopes are
calculated between 2 < kdp < 8 for βp < 1 and
between 2 < kρp < 8 for βp > 1, where a quite
well-defined power law scaling is observed. They
are then separated in two groups defined by the
total beta β < 2 and β > 2. The mean of each his-
togram is indicated by the small vertical line ended
with a diamond. For the parallel component (bottom
panel), the distribution of the slopes is similar for
both beta regimes and centred around a value of ap-
proximately−2.65±0.15; this is in good agreement
with the simulations. For the dominant perpendic-
ular component (top panel), we observe average
values consistent with previous studies based on
the total power δB2 = δB2‖ + δB
2
⊥ of the fluctu-
ations (Alexandrova et al., 2009, 2012; Sahraoui
et al., 2013; Chen et al., 2013a). However, in the
lower beta case (black), some slightly steeper slopes
are observed for B⊥ with respect to the high beta
case, with an average of −2.8± 0.15 with respect
to −2.7± 0.15. This behaviour agrees qualitatively
with the simulations; however a more detailed in-
vestigation is needed to fully identify the role of
βp on the sub-ion spectral slope and is beyond the
scope of the present study.
Figure 5. Spectral slope measured for different
beta conditions in Cluster data; (black) β < 2 and
(red) β > 2. Top panel refers to the spectrum of
the perpendicular magnetic component B⊥ and the
bottom panel to B‖. The short vertical lines end-
ing with a diamonds indicate average values of the
histograms.
What can be however pointed out is that a conse-
quence of the behaviour in Figure 5 is that while at
high beta, δB‖ and δB⊥ are observed to have almost
the same scaling, so that their ratio remains approx-
imately constant in the sub-ion range, at lower β
their slightly different scaling is expected to result
in a slow increase of the δB‖/δB⊥ ratio between
ion and electron scales. These properties are related
to the evolution of the magnetic compressibility of
the fluctuations in the sub-ion range, which is main
focus of the next section.
5 MAGNETIC COMPRESSIBILITY
We now investigate the role of the third magnetic
field component Bz , which is aligned with the local
(at 4s) magnetic field B0. In particular, we focus on
the the magnetic compressibility C‖ = δB2‖/δB
2,
where δB2 = δB2‖+δB
2
⊥ and its implication for the
nature of the cascade at these scales. Note that in
this case, the measurement of Bz is not affected by
This is a provisional file, not the final typeset article 8
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Figure 6. Examples of Cluster FGM (black) and
STAFF (red) spectra of magnetic compressibility
C‖ as a function of the frequency measured in
spacecraft frame.
the sampling direction (provided that this is orthog-
onal to B0 to a good approximation) and since we
use the total perpendicular power P⊥, the caution
discussed in Sec. 4 is not needed here.
Figure 6 shows C‖ for three intervals of different
total β=1,3,4 (βp = 0.3, 1.4, 2.5) as measured from
STAFF (red). For these three cases we also show
the spectrum of the magnetic field compressibility
as measured at lower frequencies (corresponding to
physical scales larger than dp) by the fluxgate mag-
netometer onboard Cluster (FGM, black). Note that
FGM spectra are linearly interpolated between 0.14
and 0.4Hz to remove artefacts due to spacecraft spin
(0.25 Hz). There is a good matching between the
two independent measurements at f ∼ 1Hz and
where data points from both instruments are avail-
able for a more extended range there is also a quite
satisfactory overlap between them. The overall be-
haviour agrees well with the expected picture: at
large scale, in the MHD inertial range, the level of
compressibility is lower, typically C‖ . 0.1 (e.g.,
Horbury and Balogh, 2001; Smith et al., 2006) and
starts to increase as approaching ion scales (Hamil-
ton et al., 2008; Alexandrova et al., 2008; Salem
et al., 2012; Kiyani et al., 2013), reaching some-
times variance isotropy (indicated by the dashed
horizontal line) in the sub-ion range, where the com-
pressibility seems to saturate. As already shown by
Figure 7. STAFF spectra of magnetic compress-
ibility C‖ as a function of the frequency measured
in spacecraft frame. Different colours and lines
identify different groups of intervals with given β.
Lacombe et al. (2017), the level of magnetic com-
pressibility developed at small scales is larger for
high beta than for small beta. Since we focus on
the behaviour at sub-ion scales, in the following we
restrict our analysis to STAFF measurements only.
To highlight further the β-dependence of the mag-
netic compressibility, Figure 7 shows C‖ for a
selection of spectra with different β, increasing
from red to purple. There is a continuous transi-
tion from lower to higher magnetic compressibility
as a function of beta, in agreement with linear the-
ory expectations (e.g. Podesta and TenBarge, 2012).
Moreover, at high beta it seems that the fluctuations
reach an asymptotic δB2‖/δB
2 ratio, leading to an
extended plateau in the spectrum, while at the low-
est beta a plateau cannot be clearly identified. We
now want to identify more in detail what process
and length scale control the level of C‖ and in solar
wind data.
5.1 Beta dependence and theoretical
predictions
First it is useful to go again from frequency to k-
vector spectra: in Figure 8 frequencies are converted
into k-vectors and normalised with respect to the
proton inertial length dp.
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We first identify two big categories such that both
proton and electron betas are small, i.e. βp < 1 and
βe < 1, or both large, i.e. βp > 1 and βe > 1. We
obtain an average total beta β ∼ 1 in the former, and
β ∼ 4 in the latter. The average spectrum of mag-
netic compressibility for each of the two families
is shown in the top panel of Figure 8 as a function
of kdp; the thin dotted lines identify the standard
deviation around the averages. In the high beta case
(solid blue) the compressibility reaches a plateau af-
ter kdp = 1 and saturates at an average level which
is very close to isotropy (same power in Px, Py and
Pz), while in the low beta case (dashed red) C‖
remains smaller and there is not a clear plateau at
kdp > 1.
The remaining spectra are further separated in two
other families: the first with βp < 1 and βe > 1, the
second βp > 1 and βe < 1. In this case the average
total betas are very similar, β ∼ 1.9 (βp ∼ 0.75)
and β ∼ 2.0 (βp ∼ 1.5), respectively, and fall in
between the other two groups (small and large β).
Consistent with this, the average spectrum of these
two families, shown in orange and green in the bot-
tom panel, has a level of compressibility at sub-ion
scales that is intermediate with respect to the other
two curves. Moreover, they almost precisely fall on
top of each other. All this suggests that not only the
total plasma beta is a good parameter for ordering
the level of compressibility generated at sub-ion
scales, but also this level is roughly independent on
the individual weights of βp and βe, being their sum
β = βp + βe the only relevant parameter.
This observational finding is in very good agree-
ment with the expectation from the relation below:
C‖ =
βp/2(1 + Te/Tp)
1 + βp(1 + Te/Tp)
=
β/2
1 + β
(2)
where Te and Tp are the electron and proton
temperatures.
Eq. (2) can be derived (Schekochihin et al., 2009;
Boldyrev et al., 2013) under the assumption of low-
frequency magnetic structures in pressure balance
at scales where the ion velocity becomes negligi-
ble compared to the electron one, or equivalently
Figure 8. Cluster average spectra of magnetic com-
pressibility for intervals with βe and βp < 1 (red)
and βe and βp > 1 (blue); in the bottom panel, in-
termediate values with similar average β but with
βp < 1, βe > 1, and βp > 1, βe < 1 are also shown
in green and orange respectively. Thin dotted lines
in the upper panel show the one-sigma dispersion
of the data.
the Hall term J ×B becomes dominant over the
ideal MHD term −U × B. A special case is the
regime of kinetic Alfve´n waves (KAW), however
eq. (2), which does not depend explicitly on k and
thus on a specific dispersion relation, can be seen as
a more general condition for highly oblique fluctua-
tions in the sub-ion range (e.g. ion-scale Alfve´nic
vortices, Jovanovic et al., 2020), under the assump-
tions described above (see e.g. Appendix C2 of
Schekochihin et al., 2009).
5.2 Comparison with simulations
To improve our analysis we focus more in detail
on the Cluster observations and compare them with
numerical results. Note that as in the simulations of
Franci et al. (2016) it is only considered the case
βp = βe, we have made a selection of solar wind
spectra with similar properties (βp ∼ βe ∼ β/2).
These have then been divided in 5 sub-groups as
a function of β and averaged to obtain a mean C‖
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Figure 9. Top panels: (Left) Cluster spectra of magnetic compressibility for intervals binned on different
β, encoded in different styles and colours. Only cases with βp ∼ βe have been retained. The horizontal
dashed line denotes energy equipartition between components (i.e. isotropy). (Right) Spectra of magnetic
compressibility for simulations with different βp = βe, shown with same style as left panel. The increase of
C‖ for kdi & 8 is due to numerical noise. Bottom: Same as top panels, but with k-vectors normalised with
respect to the ion gyro-radius ρp. Horizontal dotted lines, coloured according to their β, are the theoretical
prediction of C‖ from Eq.(2).
profile for each β-family. The selection results in
7, 13, 23, 9 and 1 spectra for β = 0.6, 1, 2, 4, 8
respectively (only 1 spectrum fulfils the condition
for high enough beta). Simulations with approxi-
matively the same βp (and β) are considered for
a direct comparison. In the following analysis we
want to identify the physical scale associated to the
changes in the properties of the fluctuations and its
possible connection to either the ion Larmor radius
ρp or the inertial length dp, as they are related by:
ρp =
√
βpdp.
The results of this comparison are shown in Fig-
ure 9, where scales are normalised to both dp (top)
and ρp (bottom). Left panels show spectra from in
situ data and right panels results from simulations,
where the colors encode the same range of β. Qual-
itatively, the global trend seen in the simulations
matches well that of the observations. First, the
level of magnetic compressibility reached at sub-ion
scales increases monotonically with β, as expected.
Second, we can identify a plateau phase beyond ion
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scales whose extension is gradually reduced as β de-
creases; for the smallest betas the plateau disappears
and is replaced by an almost monotonic increase
of C‖ all along the sub-ion range - though with a
shallower slope compared to that of the transition
from the MHD range.
This seems to suggest a different behaviour of the
turbulent fluctuations populating the sub-ion cas-
cade as a function of the beta. To investigate further
this aspect, horizontal dotted lines in the right pan-
els of Figure 9 show the theoretical prediction for
the asymptotic level of C‖ between ion and electron
scales predicted by Eq.(2), with same color scale.
For simulations at large β, when a plateau is clearly
observed, the level of magnetic compressibility also
agrees well with the one predicted by the theory.
In the low beta case there is a larger discrepancy
and the observed level of magnetic compressibility
is larger than the constant level predicted by Eq.
(2). The different behaviour of the compressibility
in low- and high-beta regimes found in our simu-
lations, together with the larger discrepancy with
respect to the theoretical predictions observed at
low beta, are also consistent with results from previ-
ous numerical studies (e.g. Cerri et al., 2016, 2017;
Grosˇelj et al., 2017).
The situation is somewhat different when compar-
ing predictions to the in situ data; in this case there
is a slight difference between the KAW level and the
observed one, and this is persistent at all β. In par-
ticular, at high beta it is apparent that while Eq. (2)
predicts a compressibility that goes beyond 1/3 (for
β →∞ we have C‖ = 0.5, so δB‖ = δB⊥), a con-
dition well recovered in the simulations, in Cluster
data C‖ does not go beyond component isotropy
(δB‖ = δB⊥/2, thus C‖ = 1/3). However, due to
the low statistics in the data (just 1 spectrum has
β & 8) it’s hard to draw a firm conclusion here.
Interestingly, from Figure 9 it seems that nor dp
nor ρp are able to fully capture and order the change
in the spectrum of the magnetic compressibility
for different betas; the saturation/plateau phase for
low β spectra results more shifted towards high
k-vectors compared to the high β ones when nor-
malising to dp, while the vice-versa is observed
when normalising to ρp. This suggests that the be-
haviour can be better captured by an intermediate
scale between the two. For this reason, in Figure 10
we have normalised spectra to a mixed scale
√
dpρp.
Note that such a scale, proportional to dpβ
1/4
p , was
found to describe well the behaviour of ion-break
scale in magnetic field spectra in the range βp ∼ 1
by Franci et al. (2016), and, although not shown, to
describes the variation of the break of the parallel
magnetic field spectrum at all betas; this then moti-
vated our choice. When such a mixed scale is used
(top right panel), all cases follow the same trend:
they grow until they reach k
√
dpρp ∼ 2 and then
start flattening, the saturation level depending on
the beta. In situ observations (top left panel) seem
to follow the same trend, confirming that such an
intermediate scale is a good candidate for control-
ling the variation of the magnetic compressibility
spectrum at ion scales.
It is then reasonable to use such a k-vector nor-
malization to better evaluate the agreement with
Eq. (2). In the bottom panels of the same figure C∗‖
spectra are then normalised to the theoretical pre-
diction for C‖. In simulations, as already pointed
out, cases with β > 1 display a good agreement
with the sub-ion compressibility level predicted by
the theory; as a consequence, when normalised to√
dpρp all spectra collapse on top of each other all
along ion and sub-ion scales. A worse agreement
is observed at β ≤ 1 when simulations display a
slightly higher compressibility level than predicted.
Quite differently, the ratio between the in situ ob-
servations and the theoretical C‖ is always below 1
and around 0.7-0.8 for all β groups in the sub-ion
range (see also Figure 10 of Lacombe et al., 2017).
This behaviour is consistent with the results of Pitnˇa
et al. (2019) based on observations from the Wind
spacecraft, who find on average C‖ ∼ 0.9 - with-
out making a distinction among beta regimes - and
with most of the data displaying a slightly smaller
magnetic compressibility than the prediction. Our
study confirms this scenario and suggests that the
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Figure 10. Same spectra as in Figure 9, but with k-vectors normalised to the mixed scale
√
dpρp; in the
bottom panels C‖ is normalised to the theoretical prediction by Eq.2.
same trend is followed for all spectra, almost inde-
pendently of the plasma beta. A ratio smaller than 1
and close to ∼ 0.75 is also consistent with similar
observational results of the plasma compressibility
and based on the ratio between density and perpen-
dicular magnetic fluctuations predicted by linear
theory (Chen et al., 2013a; Pitnˇa et al., 2019). This
was interpreted by Chen et al. (2013a) as a conse-
quence of the non-linear behaviour of the solar wind
fluctuations in the sub-ion range, in agreement with
simulations of strong KAW-turbulence (Boldyrev
et al., 2013). On the other hand, for the magnetic
compressibility, our fully non-linear simulations of
sub-ion turbulence do not recover the same effect
seen in situ, as C∗‖ & 1. Other reasons could explain
such a discrepancy, e.g., the effect of some electron
Landau damping on the fluctuations observed in
situ (Howes et al., 2011; Passot and Sulem, 2015;
Schreiner and Saur, 2017) and not captured by the
hybrid model. In order to answer these questions, a
more detailed study of the polarisation properties of
the fluctuations in our simulations is in preparation.
Finally, note that the increase in C‖ observed at
higher k in the in situ data could be related to a
further change in the properties of the fluctuations
as they approach electron scales; as discussed in
Lacombe et al. (2017) this also coincides with a
change in the estimated spectral anisotropy. For ex-
ample, Chen and Boldyrev (2017) have suggested
that the increase in the magnetic compressibility
beyond the sub-ion range could be related to elec-
tron inertia corrections to Eq.2. This effect is then
not captured by the hybrid model and we cannot
compare any more the observations with the simula-
tions in this range. It is however interesting to note
that while the further increase of compressibility at
electron scales is predicted for βe . 1 (Chen and
Boldyrev, 2017; Passot et al., 2017), in the intervals
measured by Cluster it seems to be observed for all
beta ranges for kdp & 10 (kde & 1/4). Moreover,
it’s also interesting to note that spectra for all betas
reach isotropy at roughly kρp ∼ 20, corresponding
on average to kρe ∼ 0.5.
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6 CONCLUSION
In summary, we have discussed properties of mag-
netic field spectra of turbulent fluctuations in the
sub-ion regime and their main dependence on the
plasma beta. We have carried out a detailed compar-
ison between in situ Cluster magnetic field observa-
tions in the frequency range f (Hz)= [1, 200], corre-
sponding to scales typically between dp < l < de,
and high-resolution 2D hybrid simulations.
First we investigated the spectral anisotropy of
magnetic fluctuations at sub-ion scales. Our simu-
lations confirm that the model of Saur and Bieber
(1999), originally developed for MHD range fluc-
tuations, is valid also at kinetic scales; by applying
the model to the numerical spectra obtained mim-
icking the sampling along a fixed direction made
by spacecraft, we were able to successfully capture
original spectral properties as well as their vari-
ation with β. This then reinforces the finding of
Lacombe et al. (2017) who applied the Saur and
Bieber model to kinetic-scale observations for the
first time and concluded that fluctuations of the so-
lar wind spectrum in the sub-ion range are quasi-2D
and gyrotropic. Moreover, we have shown that the
component anisotropy measured in situ - leading to
an apparent non-gyrotropic spectrum from an orig-
inal gyrotropic one (see also Turner et al., 2011) -
is a direct consequence of the solenoidal condition
of the magnetic field and the sampling procedure.
This is not an effect related to the Doppler-shift of
k-vectors swept through the spacecraft by the fast
plasma flow and in fact, we were able to reproduce
it in simulations just imposing a fixed sampling
direction.
Note that our result about the global 2D-symmetry
of the k-vectors around the magnetic field is not in-
consistent with studies addressing the local shape
of the eddies and suggesting the presence of a 3D
anisotropy (e.g. Chen et al., 2012a; Verdini and
Grappin, 2015; Verdini et al., 2018, 2019; Wang
et al., 2020). In our approach we do not consider
the specific orientation of the turbulent structures in
the plane perpendicular to B, and it is reasonable to
expect that their local 3D anisotropy is then lost. In
other words, despite the possible presence of a 3D
anisotropy of the turbulent eddies their k-vectors
can be oriented isotropically around B, leading then
- in a frame like the one used here - to the 2D spec-
trum found in the Cluster observations. This does
not exclude that some aspects of the 3D anisotropy
could be still captured using also a global approach,
however, our study suggests that in this case one
has to take carefully into account the effects of the
apparent component anisotropy introduced by the
sampling (Saur and Bieber, 1999, see also Figure 3
in this work).
For the magnetic compressibilityC‖, we have con-
firmed that it has a strong dependence on the plasma
beta (e.g., Alexandrova et al., 2008; TenBarge et al.,
2012; Lacombe et al., 2017). In particular we have
shown that in Cluster observations C‖ depends on
the total beta β only (Fig. 8), as expected for low-
frequency pressure-balanced fluctuations at highly
oblique propagation (e.g., KAW). In the β range
explored we find a good qualitative agreement be-
tween the trend observed in the data and in the
simulations. The compressibility is observed to in-
crease as a function of β, leading to a plateau at
sub-ion scales for high betas and in good agreement
with the prediction by Eq. (2). At low beta, a full
developed plateau is not observed beyond ion scales
and the compressibility continue to slowly increase
along sub-ion scales, both in observations and sim-
ulations (see also Grosˇelj et al., 2019). There is,
however, a difference in the asymptotic level of
compressibility reached at high β in data and our
simulations; in the former, fluctuations seem not
to exceed component isotropy (C‖ = 1/3), while
in the latter they approach C‖ = 0.5, which is the
limiting value predicted by Eq. (2). This aspect de-
serves to be explored in future studies, extending
the range of β explored, to then establish if the
asymptotic condition observed in simulations and
predicted by the theory, which implies same power
in the parallel component as in the sum of the per-
pendicular ones, can be also observed in situ for
high enough β intervals. As a consequence of the
behaviour just described, there is a different quan-
titative agreement of the magnetic compressibility
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observed in situ and in simulations, with the theo-
retical prediction by Eq. (2). In simulations there
is very good matching with the predicted level at
higher beta, but an excess of C‖ at low beta; this
effect was already observed in Cerri et al. (2017)
and is confirmed here on a large range of β. On
the other hand, in solar wind observations, the ra-
tio is always lower than 1 (smaller compressibility
than predicted by the theory), and close to ∼ 0.75
for all β, in agreement with similar studies on the
plasma compressibility (Chen et al., 2013a; Pitnˇa
et al., 2019).
Our analysis also suggests that the increase in
the compressibility at ion scales is controlled by
an intermediate scale between the Larmor radius
ρp and the proton inertial length dp (Fig. 9). For
simulations this was already anticipated in Franci
et al. (2016), and we could identify it as related
to
√
dpρp, thus proportional to dpβ
1/4
p (Fig. 10).
Such a scaling with βp also corresponds to the scal-
ing observed for the spectral ion-break in the range
βp ∼ 1. However, it is worth to highlight that both
observations (Chen et al., 2014) and our simulations
(Franci et al., 2016) show that the spectral ion-break
scale follows the largest of ρp and dp depending on
the beta, so that the correction term proportional to
dpβ
1/4
p identified in Franci et al. (2016) is impor-
tant only around βp ∼ 1. On the other hand, the
present study indicates that a scale proportional to√
dpρp orders well the spectra of compressibility
at all betas, for both in situ data and simulations,
suggesting that such a mixed scale controls the tran-
sition in the nature of the fluctuations from MHD
to sub-ion range (see also the monotonic scaling
with βp of the ion-break in the parallel magnetic
field spectrum shown in Fig.4 of Franci et al., 2016).
This may imply that the two changes of regime -
the steepening of the magnetic spectrum and the in-
crease in the compressibility - can occur at different
scales for more extreme β values. In particular, we
expect the spectral break to occur at a larger scale
with respect to the plateau in the compressibility
when βp  1 or βp  1, as in these cases
√
dpρp
is always smaller than the largest between ρp and
dp. A more detailed analysis on this aspect will be
the subject of a future study, as well as the possi-
ble implications of this behaviour for fluctuations
in the inner Heliosphere, where the plasma beta is
typically lower than at 1AU, which can be observed
by the Parker Solar Probe and Solar Obiter.
APPENDIX: SYMBOL DEFINITIONS
AND NORMALIZED UNITS
The subscripts ⊥ and ‖ refer to the direction with
respect to the ambient magnetic field B0 and p and
e denote respectively protons and electrons. All
equations are expressed in the c.g.s. unity system.
n and T denote the number density and the temper-
ature of a species (we assume also np = ne = n).
βe,p = 8pinkBTe,p/B
2
0 are the electron and pro-
ton betas, and β = βp + βe is the total plasma
beta; here kB is the Boltzmann constant. For each
species of mass m and charge q, the inertial length
d is defined a c/ωp, where ωp = (4pinq2/m)1/2
is the plasma frequency, and the Larmor radius
ρ is defined as vth/Ωc where vth it the thermal
speed of each species and Ωc = qpBo/mc is the
cyclotron frequency. Vsw is the solar wind speed
and f the frequency of the fluctuations measured by
the spacecraft; k denotes the module of the wave
vector k.
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